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Motivation - biomineralisation 

[ Nudelman et al Faraday Discuss. 136, 9-25 (2007) ]  
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•  Forward-flux sampling on a toy system 

–  Freezing of a hard-sphere polymer chain. 
–  Kinetics vs thermodynamics. 
–  Breakdown of the two state assumption. 
–  Improved reaction coordinate? 
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Attractive hard sphere chain 
•  Simulate with both Metropolis MC and collision dynamics (event driven molecular dynamics). 

Monte-Carlo move set 

•  Crank shaft 
•  Pivot 
•  End-bridging 
•  Regrowth ( Rosenbluth / CBMC ) 

connectivity altering 

Collision dynamics 

•  Ballistic between events 
•  Hard core collision  
•  Well capture and escape  events 
•  Thermal ‘jolt’ events 

connectivity constrained 



Properties 
•  Thermodynamics of system extensively studied previously. 

•  Single stage “protein-like” collapse for  

•  We study globule-crystal transition for larger    .  

•  Brute force sampling feasible for                 . 

•  Use Forward Flux Sampling (FFS) for smaller    .  

•  FFS simulations use collision dynamics. 

•  Wang-Landau simulations use MC move set to locate 
thermodynamic transition temperature. 

[ Taylor, Paul and Binder. Phys. Rev. E. 79, 050801 (2009) 
                                       J. Chem. Phys. 131, 114907 (2009) ] 

Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Fig. 3 Free energy F(E) (black) and energy distribution function

P(E) (green), obtained from WL simulations for the chain with

χ = 1.07, and calculated for T = T WL

f
= 0.498 from eqn (4).

Vertical lines schematize the energies of energy hypersurfaces in the

configurational space used to generate folding (red) and unfolding

(blue) trajectories. Displayed also are energy distributions PA(E)
and PB(E) of states in the crystalline (blue) and globule (red)

phases, respectively. The probability axis is not shown.

folding rates
42

to compare with P(E). It is noticeable that

the CD simulations confirm a unique globule phase, B, and

we may identify a single energy distribution PB(E). However,

CD simulations initialized in different realisations of the crys-

tal phase did not explore as wide an energy range as the cor-

responding WL simulations. From this we infer that the crys-

tal phase (at the freezing temperature Tf) consists of a large

number of basins with slightly different mean energies, sep-

arated by kinetic barriers which cannot be overcome (at this

temperature) on a simulation timescale without the use of un-

physical MC moves. We therefore identify the crystal state
A as the state, reachable from other states within the distribu-

tion function PA(E) via constant temperature MC (including

unphysical moves), which has the lowest mean energy. This

is the rationale behind the selection of starting configurations

for the A → B trajectories, described in section 2.3. We should

re-emphasise that the aim here is to study the crystal phase at

the equilibrium transition temperature and not, for example, to

use the minimum-energy perfect crystal as our starting point

for unfolding trajectories. This inevitably complicates the ki-

netic analysis and, incidentally, violates the assumptions of

simple models such as the Zwanzig two-state picture of pro-

tein folding
43

. We return to this in section 4.

The rate constants obtained from FFS simulations in both

directions are plotted against inverse temperature on a so-
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f
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Fig. 4 Phase diagram with freezing temperatures T WL

f
, determined

from WL simulations by Maxwell construction, and T FFS

f
, T BF

f
,

determined from CD simulations by constructing chevron plots. The

errors are smaller than the symbol sizes.

called chevron plot, Fig. 5 (based on the assumption of

Arrhenius-like behaviour). Transition temperatures T FFS

f
, de-

fined dynamically by the equation kA→B = kB→A, are shown in

Fig. 4. These were slightly, but systematically, higher than the

corresponding WL transition temperatures by a small amount

∆T = T FFS

f
−T WL

f
= 0.005–0.012.

For the higher values χ ≥ 1.15 studied in this paper, barrier

crossing could be observed directly, and rate constants were

calculated by brute force (BF) simulation. Transition tem-

peratures T BF

f
obtained in this way are also shown in Fig. 4

and were again comparable to, but slightly and systematically

higher, than the temperatures obtained in MC simulation. This

suggests that the discrepancy is due to a real dynamical (ki-

netic) effect rather than any deficiency of the FFS algorithm

itself. In Fig. 5 we indicate schematically the extent to which

the unfolding rate constant must be shifted to give the ob-

served shift ∆T , and we return to this in the Discussion of

section 4.

3.3 Laplacian Matrix

Here we examine the distribution of top eigenvalues γ of the

nonbonded Laplacian matrix G at specific energies, along the

folding and unfolding FFS trajectories. We focus on the chain

with χ = 1.07 and T = T WL

f
= 0.498, but similar results were

obtained for other attractive well widths, becoming even more

distinct with decreasing χ . For the purposes of discussion,

we denote the energy at the top of the free energy barrier as

Emax, and we note that the penultimate interface in the folding
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Following the description of our methods in section 2, we
present our results in section 3, and conclude with a discussion
in section 4.

2 Methods

2.1 Simulation Model

A range of simple simulation models have been useful in dis-
cussing polymer collapse. These include chains of atoms
which attract each other through a Lennard-Jones potential,
surrounded by an explicit solvent26. Also of interest are mod-
els in which the monomers and solvent have only repulsive
excluded volume interactions, both on a lattice27,28 and off-
lattice29, meaning that the collapse is driven solely by entropic
effects. Collapse of semiflexible polymers has been studied
using off-lattice Brownian Dynamics simulations with an ef-
fective solvent30, and an interaction between the monomers
intended to represent, in an average way, the effects of solvent
quality. A comparison of models with, and without, explicit
solvent31 has highlighted some deficiencies associated with
replacing the solvent by effective interactions, although this
conclusion will depend on the details of the physical system
and the nature of the simplified model. As mentioned earlier,
the inclusion of hydrodynamic interactions may also change
the picture13.

In this study, we follow Taylor et al. 5,6 and adopt the sim-
plest model that exhibits the effect of interest. The polymer is
represented by N = 128 hard spheres, with successive atoms
connected by bonds. The bonding potential is defined by a
narrow infinite square well

ub(ri j) =






+∞ 0 < ri j < σ
0 σ < ri j < χbσ
+∞ χbσ < ri j

, for |i− j|= 1 (1)

where ri j is the distance between centers of two monomers
i and j = i± 1, σ is the diameter of the bead, and χb is the
relative width of the nearest-neighbour bond. In the previous
MC studies6 χb = 1, but for simple hard sphere dynamics, we
choose a slightly larger value χb = 1.04; we have verified that
this makes very little difference to the equilibrium properties.

The nonbonded interaction between pairs of monomers is
given by the finite square well potential

uw(ri j) =






+∞ 0 < ri j < σ
−ε σ < ri j < χσ
0 χσ < ri j

, for |i− j|> 1 (2)

where ε is the depth, and χ is the relative width, of the square
well. In other words, all non-adjacent pairs of atoms in the
chain interact with this attractive potential. Taylor et al. 5,6

have determined that an all-in-one ‘protein-like’ crystallisa-
tion from the expanded state occurs for χ � 1.06, and a two-
step ‘polymer-like’ mechanism via a liquid-like globule, for
χ � 1.06; we study the globule-crystal stage of the two-step
process for χ values in this vicinity. All beads have equal
mass m which we take equal to unity. Throughout, we work
in reduced units: σ = 1, ε = 1 and kB = 1 (Boltzmann’s con-
stant) so T should be understood as the combination kBT/ε
etc. Corresponding real values, for monomer beads corre-
sponding to amino acids of the kind found in proteins, would
be m ≈ 2×10−25 kg, σ ≈ 6×10−10 m, ε ≈ 7×10−22 J, and
a time unit ≈ 10−11 s. We note that the idea of this model is
to simulate a polymer in a surrounding liquid (rather than a
vacuum), but with the explicit degrees of freedom associated
with the solvent atoms “integrated out”. The attractive wells
between monomers represent not only the direct interatomic
forces in a real polymer, but also the attraction of monomers
to each other relative to the solvent. In other words, kBT/ε
represents the solvent quality, with a high value corresponding
to a self-avoiding walk configuration in a good solvent, and a
low value generating collapsed states as seen in a poor solvent.
This approach (and an alternative one) to tuning the solvent
quality, have been used in simulations of the same model in
the presence of an explicit solvent of hard spheres32. As we
shall see, the dynamical algorithm includes the effects of ran-
dom collisions which mimic the effect of solvent atom impacts
as well as providing a means of thermalizing the system.

2.2 Wang-Landau Sampling

As explained in section 1, standard Monte Carlo sampling
from, for example, the Boltzmann distribution, is not sufficient
to properly equilibrate the system in the presence of a large
barrier between the different phases. Some kind of weighted
ensemble must be sampled, to “flatten out” this barrier, and the
results are typically reweighed afterwards to calculate proper-
ties at any desired temperature. Moreover, it is important to
use a set of MC moves that allow efficient exploration of con-
figuration space in both the compact crystalline state, and the
disordered state. Accordingly, the statistical thermodynamics
of the above chain model are determined by the Wang-Landau
(WL) Monte Carlo (MC) method, using a move set consisting
of crankshaft, pivot, end-bridging, and regrowth moves; the
latter two being connectivity altering33,34. The regrowth move
consists of deleting and then regrowing up to 3 beads at either
end of the chain, using a configuration-bias algorithm to select
non-overlapping bead positions; this includes the possibility
of reversing the chain. This MC move set is used with the
WL algorithm11, after the manner of Ref. 5, to iteratively ap-
proximate the density-of-states function W (E), giving a well-
sampled set of configurations across the whole energy range.
This involves maintaining a table of values W (E), and accept-
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Brute force CD trajectory at 
transition temperature. 
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Fig. 3 Free energy F(E) (black) and energy distribution function

P(E) (green), obtained from WL simulations for the chain with

χ = 1.07, and calculated for T = T WL

f
= 0.498 from eqn (4).

Vertical lines schematize the energies of energy hypersurfaces in the

configurational space used to generate folding (red) and unfolding

(blue) trajectories. Displayed also are energy distributions PA(E)
and PB(E) of states in the crystalline (blue) and globule (red)

phases, respectively. The probability axis is not shown.

folding rates
42

to compare with P(E). It is noticeable that

the CD simulations confirm a unique globule phase, B, and

we may identify a single energy distribution PB(E). However,

CD simulations initialized in different realisations of the crys-

tal phase did not explore as wide an energy range as the cor-

responding WL simulations. From this we infer that the crys-

tal phase (at the freezing temperature Tf) consists of a large

number of basins with slightly different mean energies, sep-

arated by kinetic barriers which cannot be overcome (at this

temperature) on a simulation timescale without the use of un-

physical MC moves. We therefore identify the crystal state
A as the state, reachable from other states within the distribu-

tion function PA(E) via constant temperature MC (including

unphysical moves), which has the lowest mean energy. This

is the rationale behind the selection of starting configurations

for the A → B trajectories, described in section 2.3. We should

re-emphasise that the aim here is to study the crystal phase at

the equilibrium transition temperature and not, for example, to

use the minimum-energy perfect crystal as our starting point

for unfolding trajectories. This inevitably complicates the ki-

netic analysis and, incidentally, violates the assumptions of

simple models such as the Zwanzig two-state picture of pro-

tein folding
43

. We return to this in section 4.

The rate constants obtained from FFS simulations in both

directions are plotted against inverse temperature on a so-
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Fig. 4 Phase diagram with freezing temperatures T WL

f
, determined

from WL simulations by Maxwell construction, and T FFS

f
, T BF

f
,

determined from CD simulations by constructing chevron plots. The

errors are smaller than the symbol sizes.

called chevron plot, Fig. 5 (based on the assumption of

Arrhenius-like behaviour). Transition temperatures T FFS

f
, de-

fined dynamically by the equation kA→B = kB→A, are shown in

Fig. 4. These were slightly, but systematically, higher than the

corresponding WL transition temperatures by a small amount

∆T = T FFS

f
−T WL

f
= 0.005–0.012.

For the higher values χ ≥ 1.15 studied in this paper, barrier

crossing could be observed directly, and rate constants were

calculated by brute force (BF) simulation. Transition tem-

peratures T BF

f
obtained in this way are also shown in Fig. 4

and were again comparable to, but slightly and systematically

higher, than the temperatures obtained in MC simulation. This

suggests that the discrepancy is due to a real dynamical (ki-

netic) effect rather than any deficiency of the FFS algorithm

itself. In Fig. 5 we indicate schematically the extent to which

the unfolding rate constant must be shifted to give the ob-

served shift ∆T , and we return to this in the Discussion of

section 4.

3.3 Laplacian Matrix

Here we examine the distribution of top eigenvalues γ of the

nonbonded Laplacian matrix G at specific energies, along the

folding and unfolding FFS trajectories. We focus on the chain

with χ = 1.07 and T = T WL

f
= 0.498, but similar results were

obtained for other attractive well widths, becoming even more

distinct with decreasing χ . For the purposes of discussion,

we denote the energy at the top of the free energy barrier as

Emax, and we note that the penultimate interface in the folding
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Sampling and FFS 
•  All globule states can be connected by short CD trajectories. 
•  Different realisations of the crystal state separated by high barriers. 
•  Breakdown of two-state assumption. 

Free energy surface 
 
P(E) at transition T 
 
High T P(E) 
 
Low T(E) 

A 

B 

8192 configurations at each FFS interface 
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χ = 1.05
χ = 1.06

χ = 1.07

χ = 1.08

k
A → B

k
B → A

k
A→B

hindered

CD MC

k
A→B

non−hindered

Fig. 5 Chevron plots with unfolding A → B and folding B → A rate
constants computed by FFS. The intersections give the transition
temperatures T FFS

f . The schematic for χ = 1.06 indicates how much
the unfolding rate would have to be shifted to bring T FFS

f into
agreement with T WL

f (see discussion in section 4).

direction B → A was typically chosen to be EB
m−1 ≈ Emax (see

Fig. 3). For the case discussed here, Emax =−235
Along unfolding trajectories, we found that PA→B(γ | E) is

unimodal (approximately Gaussian) at all interfaces E, with
the mean value of γ growing with E, and that the conforma-
tions at any E with large γ have a more crystalline appear-
ance. Along folding trajectories, the distribution PB→A(γ | E)
at interfaces far enough from Emax is also unimodal with simi-
lar properties. Fig. 6 shows three configurations taken from
both folding and unfolding trajectories, at the same energy
E = −176, which lies well on the globule side of the tran-
sition. The chosen configurations are representative of the en-
semble, in the sense that their largest eigenvalues γ are close
to the maximum of the corresponding distribution. Unsur-
prisingly, the unfolding trajectories retain more structure char-
acteristic of the crystalline starting state, and the distribution
PA→B(γ | E) is shifted to higher γ than PB→A(γ | E). Inspec-
tion of the configurations shows that a near-crystalline core
can often be identified within the unfolding configurations,
typically with attached polymer tails or loops, whereas the
folding configurations are more disordered. Recall that, since
the energies are identical, the total number of contacts is the
same in all these cases, but they are arranged differently.

The distributions PA→B(γ | E) and PB→A(γ | E) are quali-
tatively different in the region E ≈ Emax, as shown in Fig. 7:
the latter becomes bimodal. The critical value separating these
two modes is denoted as γc; in this case γc = 11.9. The inset
Fig. 7(a) shows that pathways started from A, and reaching

Fig. 6 Configurations for the system with attractive well range
χ = 1.07, T = T WL

f = 0.498, at the globule-like energy E =−176.
Blue: permanent bonds, red: nonbonded contacts with ri j < χσ .
Top three configurations are from folding B → A trajectories, with
eigenvalue γ = 9.6; bottom three are from unfolding A → B
trajectories with eigenvalue γ = 12.1. Close inspection of the
unfolding configurations reveals a better-ordered crystalline core.

these energies, do not sample the population of low-γ states
seen in Fig. 7(b). The microscopic reversibility of our dynam-
ics then implies that those folding B → A transition pathways
destined to go on to the crystalline state must cross Emax at
γ > γc. The main part of Fig. 7 presents a probability analysis
of all the 8192 B → A configurations at this interface: each
such configuration may be ascribed a probability of reaching
the crystalline state A, based on the ultimate fate of the ongo-
ing FFS trajectories spawned from it. In agreement with the
preceding analysis, this probability analysis shows that folding
pathways crossing Emax with γ < γc have almost no chance to
reach A. (Also, of course, the configurations with γ > γc have
a crystallization probability much less than 1, but their chances
are overwhelmingly higher than those with γ < γc ). Inciden-
tally, the equilibrium distribution of γ at this energy, obtained
by WL, shown in Fig. 7(c), is very similar to the nonreactive
γ < γc portion of Fig. 7(b). The FFS process leading up to
the energy Emax clearly enhances the weight of those trajec-
tories with high eigenvalues γ . Similar observations apply to
other eigenvalues near the top of the spectrum of G. It is im-
portant to emphasize that these differences in distributions are
expected. Although the individual trajectories are completely
microscopically reversible, and the starting configurations are
at equilibrium, the selection process of FFS at successive in-
terfaces makes the distribution of configurations further along
the trajectories a nonequilibrium one. The foregoing analy-
sis suggests that the eigenvalue γ of the nonbonded Laplacian
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Transition temperature via kinetics 

•  Systematic upward shift of transition temperature vs Wang-Landau (WL) MC simulations. 

•  Attribute this to inability of CD to sample transitions between realisations of crystal. 

•  Kinetic hindering of transitions in direction AèB? 

−400 −300 −200 −100 0
−30

−25

−20

−15

−10

E

E
0

B

E
0

A E
n

A

E
m

B

Fig. 3 Free energy F(E) (black) and energy distribution function

P(E) (green), obtained from WL simulations for the chain with

χ = 1.07, and calculated for T = T WL

f
= 0.498 from eqn (4).

Vertical lines schematize the energies of energy hypersurfaces in the

configurational space used to generate folding (red) and unfolding

(blue) trajectories. Displayed also are energy distributions PA(E)
and PB(E) of states in the crystalline (blue) and globule (red)

phases, respectively. The probability axis is not shown.

folding rates
42

to compare with P(E). It is noticeable that

the CD simulations confirm a unique globule phase, B, and

we may identify a single energy distribution PB(E). However,

CD simulations initialized in different realisations of the crys-

tal phase did not explore as wide an energy range as the cor-

responding WL simulations. From this we infer that the crys-

tal phase (at the freezing temperature Tf) consists of a large

number of basins with slightly different mean energies, sep-

arated by kinetic barriers which cannot be overcome (at this

temperature) on a simulation timescale without the use of un-

physical MC moves. We therefore identify the crystal state
A as the state, reachable from other states within the distribu-

tion function PA(E) via constant temperature MC (including

unphysical moves), which has the lowest mean energy. This

is the rationale behind the selection of starting configurations

for the A → B trajectories, described in section 2.3. We should

re-emphasise that the aim here is to study the crystal phase at

the equilibrium transition temperature and not, for example, to

use the minimum-energy perfect crystal as our starting point

for unfolding trajectories. This inevitably complicates the ki-

netic analysis and, incidentally, violates the assumptions of

simple models such as the Zwanzig two-state picture of pro-

tein folding
43

. We return to this in section 4.

The rate constants obtained from FFS simulations in both

directions are plotted against inverse temperature on a so-

1.05 1.1 1.15 1.2
0.44

0.46

0.48

0.5

0.52

0.54

0.56

χ

T
f

 

 

FFS

BF

WL

Fig. 4 Phase diagram with freezing temperatures T WL

f
, determined

from WL simulations by Maxwell construction, and T FFS

f
, T BF

f
,

determined from CD simulations by constructing chevron plots. The

errors are smaller than the symbol sizes.

called chevron plot, Fig. 5 (based on the assumption of

Arrhenius-like behaviour). Transition temperatures T FFS

f
, de-

fined dynamically by the equation kA→B = kB→A, are shown in

Fig. 4. These were slightly, but systematically, higher than the

corresponding WL transition temperatures by a small amount

∆T = T FFS

f
−T WL

f
= 0.005–0.012.

For the higher values χ ≥ 1.15 studied in this paper, barrier

crossing could be observed directly, and rate constants were

calculated by brute force (BF) simulation. Transition tem-

peratures T BF

f
obtained in this way are also shown in Fig. 4

and were again comparable to, but slightly and systematically

higher, than the temperatures obtained in MC simulation. This

suggests that the discrepancy is due to a real dynamical (ki-

netic) effect rather than any deficiency of the FFS algorithm

itself. In Fig. 5 we indicate schematically the extent to which

the unfolding rate constant must be shifted to give the ob-

served shift ∆T , and we return to this in the Discussion of

section 4.

3.3 Laplacian Matrix

Here we examine the distribution of top eigenvalues γ of the

nonbonded Laplacian matrix G at specific energies, along the

folding and unfolding FFS trajectories. We focus on the chain

with χ = 1.07 and T = T WL

f
= 0.498, but similar results were

obtained for other attractive well widths, becoming even more

distinct with decreasing χ . For the purposes of discussion,

we denote the energy at the top of the free energy barrier as

Emax, and we note that the penultimate interface in the folding
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Fig. 7 Crystallization probabilities for configurations on the folding
trajectory B → A at E = Emax with γ < γc (green) and γ > γc (blue).
Insets show eigenvalue distributions: (a) PA→B(γ | Emax) sampled
by pathways started in A; (b) PB→A(γ | Emax) sampled by pathways
started in B (the critical value γc = 11.9 is indicated); (c)
PWL(γ | Emax), the equilibrium distribution, determined by
Wang-Landau Monte Carlo.

matrix G is a good discriminator between the different ensem-
bles of trajectories, in other words a good measure of incipient
crystallinity.

Figure 8 shows typical configurations taken on the E =Emax
hypersurface, all from folding B → A trajectories, representa-
tive of the two peaks in the bimodal PB→A(γ | Emax) distribu-
tion. As for Fig. 6, it is significant that typical γ > γc configu-
rations appear to have a compact crystal nucleus with attached
chains or loops, while for γ < γc the same number of interac-
tions are typically arranged in a less well ordered cluster. We
note that similar configurations were observed by Zhou et al. 2

in the vicinity of the phase transition.

4 Discussion and Conclusions

We have carried out a set of simulations of the crystallisation
of a single polymer chain, at and around the transition temper-
ature, to determine the forward and reverse rates, using the for-
ward flux sampling (FFS) method and, for suitably low barri-

Fig. 8 Configurations for the system with attractive well range
χ = 1.07, T = T WL

f = 0.498, all from folding B → A trajectories,
near the free energy maximum E = Emax. Blue: permanent bonds,
red: nonbonded contacts with ri j < χσ . Top three configurations
have eigenvalue γ = 10.8; bottom three have eigenvalue γ = 12.8.
The top three configurations have almost no chance to form a
crystal; close inspection of the bottom three configurations reveals a
better-ordered crystalline core.
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An improved reaction coordinate? 

•  Compute Laplacian matrix G 

•      is largest eigenvalue. 

•  G sometimes treated as analogue of Hessian. 

•  Related to SPRINT coordinate of Pietrucci & 
Andreoni, Phys. Rev. Lett. 107, 085504 (2011). 

in defining what is meant by a “contact”, but in the current
model the situation is simpler: adjacent atoms in the chain are
permanently bonded together, while non-adjacent atoms may,
or may not, be within the interaction range of the nonbonded
pair potential, uw(ri j) defined in eqn (2). Here we focus on
nonbonded contacts, in a sense combining the ideas discussed
in the previous paragraph. Our nonbonded Laplacian matrix
G is defined as follows:

Gi j =






−1 if |i− j|> 1 and ri j ≤ χσ ,

0 if |i− j|> 1 and ri j > χσ ,

0 if |i− j|= 1,
−∑k,k �= j Gk j if |i− j|= 0.

(6)

The non-zero off-diagonal entries are restricted to those atoms
that are not permanently bonded together, but are within inter-
action range of uw(ri j). In this matrix the diagonal elements
are defined to make the column and row sums zero; each di-
agonal element is equal to the number of nonbonded contacts
made by the corresponding atom. The matrix G is invariant
to any global translation or rotation of coordinates, and we fo-
cus on its eigenvalues, which are invariant to relabelling of the
atoms. This makes the eigenvalue spectrum of G also suitable
to describe the geometry of atomic clusters in which there are
no permanent bonds (noting that invariance to relabelling is
not a requirement for a chain molecule, in which the labels
denote the sequence number along the chain). The smallest
eigenvalue of G is zero, the largest eigenvalue will be denoted
γ , and the sum of all the eigenvalues is exactly twice the num-
ber of interacting pairs of atoms, i.e. −2E.

It is convenient to define PA→B(γ | E) as the probability dis-
tribution of γ at an interface E sampled by pathways started
from A, and PB→A(γ | E) as the same quantity but sampled by
pathways started from B. Following the FFS simulations for
each χ , these distributions are studied, on the energy hyper-
surfaces of interest.

3 Results

3.1 Wang-Landau Simulations

Twenty independent WL simulations were conducted at each
χ . The inverse temperature, defined by eqn (3), was deter-
mined as a function of energy for each case, and averaged.
Typical results are shown in Fig. 2. In the vicinity of the phase
transition the curves adopt the characteristic “small-system
loop” form, and the freezing temperature T WL

f may be esti-
mated by a Maxwell construction, in which a horizontal line
defines equal areas in the two sections of the loop. Thermo-
dynamically, the equal-area construction is equivalent to the
condition that the two phases have equal free energies, and is
one of the standard methods for accurate location of the tran-
sition temperature in finite-sized systems.

−400 −300 −200

1.9

2

2.1

2.2

2.3

2.4

2.5

2.6

E

1
/T

(E
) −400 −300

0

1

2

E

Fig. 2 Inverse temperature, from eqn (3), vs energy in the vicinity of
the phase transition for χ = 1.07. The graph forms a Maxwell loop
and indicates a first-order transition. Blue lines show the results of
twenty independent WL MC runs, while the red line represents the
average. The inset shows the results over the full range of energies.

An equivalent procedure is to observe doubly-peaked
canonical ensemble energy distributions P(E), defined in
eqn (4), as a function of T , as typified by Figure 3. Away
from the phase transition, these distributions would consist
of a single peak, approximately Gaussian in form, around the
value of the average energy. Very close to the phase transition
temperature, the system spends time in both phases, giving
a doubly-peaked structure. For temperatures just below, and
just above, the precise transition temperature, one or other of
these peaks would dominate; the transition temperature T WL

f
corresponds to equal weight in the two peaks. An advantage
of the Wang-Landau method is that it allows us to construct
these distributions, for any desired temperature, after the sim-
ulations are completed, from the density of states, according
to eqn (4). Also shown in Figure 3 is the free energy curve as a
function of energy, defined by F(E) = −T lnP(E); this gives
a clear picture of the barrier to be crossed in the process of in-
terconverting the crystalline phase and the globule phase. The
phase diagram of T WL

f vs χ , determined from these results, is
shown in Fig. 4; it is quite similar to that of Ref. 6.

3.2 Barrier Crossing Rates

Figure 3 also shows a typical set of interface positions for the
FFS CD simulations in both directions, and the energy dis-
tributions given by the CD simulations in the states A and B;
these graphs must be scaled according to the folding and un-
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in defining what is meant by a “contact”, but in the current
model the situation is simpler: adjacent atoms in the chain are
permanently bonded together, while non-adjacent atoms may,
or may not, be within the interaction range of the nonbonded
pair potential, uw(ri j) defined in eqn (2). Here we focus on
nonbonded contacts, in a sense combining the ideas discussed
in the previous paragraph. Our nonbonded Laplacian matrix
G is defined as follows:

Gi j =






−1 if |i− j|> 1 and ri j ≤ χσ ,

0 if |i− j|> 1 and ri j > χσ ,

0 if |i− j|= 1,
−∑k,k �= j Gk j if |i− j|= 0.

(6)

The non-zero off-diagonal entries are restricted to those atoms
that are not permanently bonded together, but are within inter-
action range of uw(ri j). In this matrix the diagonal elements
are defined to make the column and row sums zero; each di-
agonal element is equal to the number of nonbonded contacts
made by the corresponding atom. The matrix G is invariant
to any global translation or rotation of coordinates, and we fo-
cus on its eigenvalues, which are invariant to relabelling of the
atoms. This makes the eigenvalue spectrum of G also suitable
to describe the geometry of atomic clusters in which there are
no permanent bonds (noting that invariance to relabelling is
not a requirement for a chain molecule, in which the labels
denote the sequence number along the chain). The smallest
eigenvalue of G is zero, the largest eigenvalue will be denoted
γ , and the sum of all the eigenvalues is exactly twice the num-
ber of interacting pairs of atoms, i.e. −2E.

It is convenient to define PA→B(γ | E) as the probability dis-
tribution of γ at an interface E sampled by pathways started
from A, and PB→A(γ | E) as the same quantity but sampled by
pathways started from B. Following the FFS simulations for
each χ , these distributions are studied, on the energy hyper-
surfaces of interest.

3 Results

3.1 Wang-Landau Simulations

Twenty independent WL simulations were conducted at each
χ . The inverse temperature, defined by eqn (3), was deter-
mined as a function of energy for each case, and averaged.
Typical results are shown in Fig. 2. In the vicinity of the phase
transition the curves adopt the characteristic “small-system
loop” form, and the freezing temperature T WL

f may be esti-
mated by a Maxwell construction, in which a horizontal line
defines equal areas in the two sections of the loop. Thermo-
dynamically, the equal-area construction is equivalent to the
condition that the two phases have equal free energies, and is
one of the standard methods for accurate location of the tran-
sition temperature in finite-sized systems.
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Fig. 2 Inverse temperature, from eqn (3), vs energy in the vicinity of
the phase transition for χ = 1.07. The graph forms a Maxwell loop
and indicates a first-order transition. Blue lines show the results of
twenty independent WL MC runs, while the red line represents the
average. The inset shows the results over the full range of energies.

An equivalent procedure is to observe doubly-peaked
canonical ensemble energy distributions P(E), defined in
eqn (4), as a function of T , as typified by Figure 3. Away
from the phase transition, these distributions would consist
of a single peak, approximately Gaussian in form, around the
value of the average energy. Very close to the phase transition
temperature, the system spends time in both phases, giving
a doubly-peaked structure. For temperatures just below, and
just above, the precise transition temperature, one or other of
these peaks would dominate; the transition temperature T WL

f
corresponds to equal weight in the two peaks. An advantage
of the Wang-Landau method is that it allows us to construct
these distributions, for any desired temperature, after the sim-
ulations are completed, from the density of states, according
to eqn (4). Also shown in Figure 3 is the free energy curve as a
function of energy, defined by F(E) = −T lnP(E); this gives
a clear picture of the barrier to be crossed in the process of in-
terconverting the crystalline phase and the globule phase. The
phase diagram of T WL

f vs χ , determined from these results, is
shown in Fig. 4; it is quite similar to that of Ref. 6.

3.2 Barrier Crossing Rates

Figure 3 also shows a typical set of interface positions for the
FFS CD simulations in both directions, and the energy dis-
tributions given by the CD simulations in the states A and B;
these graphs must be scaled according to the folding and un-
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AèB 

BèA 

equilibrium 



Summary 

•  Studied a very simple model, amenable to extensive MC/MD sampling. 

•  Brute force rates can be computed in some parameter ranges. 

•  Computed both forward and backward rates with FFS; 
–  as a function of temperature 
–  as a function of model parameters 

•  Discrepancy between ‘kinetic’ and Wang-Landau transition temperature 
–  small c.f. typical error bar in bulk FFS crystallisation studies, but annoying nonetheless. 
–  breakdown of two-state assumption due to large barriers between crystalline states? 
–  effect of thermalisation or non-statistical dynamics? 
–  poor choice of reaction coordinate? 

•  Proposed alternative reaction coordinate for future study. 

 



Thank You! 

29/01/2007  
Lunchtime Seminar 
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